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Abstract
We show that the SU(N) Skyrme model has genuine multi-skyrmion solutions of energy
lower than the natural embeddings of the SU(2) solutions with the same baryon number.
We also construct a non-topological solution for the SU(3) model and argue that it is an
unstable bound-state of two skyrmions and two anti-skyrmions.
1 INTRODUCTION
The Skyrme model is by now well established as an eective classical theory used to
describe nuclei [1, 2] for which the eld, which describes pseudoscalar mesons, is valued
in SU(N). To have nite energy congurations, one must require that the eld U(~x)
goes to a constant matrix, say I, at spatial innity: U ! I as j~xj ! 1. This eectively
compacties the three dimensional Euclidean space into S3 and hence implies that the eld
congurations of the Skyrme model can be considered as mappings from S3 into SU(N).
As the third homotopy class of SU(N) is Z every eld conguration is characterised by
an integer which, in the Skyrme model, corresponds to the baryon number.






















































which is a well dened quantity because of our boundary conditions at spatial innity.
So far most of the studies involving the Skyrme model have concentrated on the SU(2)
version of the model and its embeddings into SU(N). The simplest nontrivial classical
solution involves a single skyrmion (B = 1), which was discussed already by Skyrme [1].
The energy density of this solution is radially symmetric and, as a result, using the so
called hedgehog ansatz one can reduce (2) to an ordinary dierential equation which can
then be solved numerically.
Many solutions with B > 1 have also been computed numerically and in all cases they
are very symmetrical. The energy density of the two skyrmion solution forms a torus,
while the energy density of the B = 3 solution has the symmetry of a tetrahedron. For
larger B the solutions describe semi-radially symmetric structures in which skyrmions
break up into connected parts which are all located on a spherical hollow shell and it was
shown in [3] that the positions of these skyrmionic parts on S2 are very symmetrical.
Recently, Houghton et al. [3] exploited the similarity of the energy densities of these
multi-skyrmion solutions to the SU(2) BPS monopoles and related them to some harmonic
maps on the two dimensional sphere S2. Namely, they showed that the solutions of the
Skyrme model can be well approximated by the expressions of the form
U(r; ; ) = exp(ig(r) n^  ); (4)




(2<(R); 2=(R); 1− jRj2); (5)
where R are some rational functions of  = tan(=2)ei and where g(r) is a real function
satisfying the boundary conditions: g(0) =  and g(1) = 0. In other words, the con-
guration (4) separates into a product of a radial prole function g(r) and a harmonic
map from the two dimensional sphere, which can be identied with concentric spheres,
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centered at the origin, in R3, into an S2 submanifold of SU(2)  S3. Moreover, it is easy
to check that the baryon number B is given by the degree of the harmonic map n^.
To determine g and n^ one must insert (4) into (1) and minimise the energy. It turns
out that, for this minimum, n^ must be a rational map with a large discrete symmetry
and that g(r) satises an ordinary dierential equation.
In this note we show that this idea of Houghton et al. can be generalised to any
SU(N): we will construct low energy eld congurations which separate into a radial
prole function g(r) and a harmonic map from S2 into CP (N−1):
U(r; ; ) = e2ig(r)(P (;)−1=N)
= e−2ig(r)=N

1 + (e2ig − 1)P (; )

; (6)
where g(r) is a real function satisfying the boundary conditions g(0) =  and g(1) = 0
and where P (; ) is a NN projector of rank one dened on the two dimensional sphere.
In other words, P can be thought of as a mapping from S2 into CP (N−1) and we can write




where V is a N component complex vector.
An attractive feature of the ansatz (6) is that it leads to a simple expression for
the energy which can be rst minimised with respect to the projector P and then with
respect to the prole function g(r). This would then give good approximations to multi-
skyrmion solutions. When applied to SU(N) elds (for N > 2) they correspond to eld
congurations whose energy is lower than the energy of SU(2) embeddings [4].
However, in this letter we will show that this method allows us also to nd an exact
non-topological solution of the SU(3) Skyrme model. We will also present some upper
bounds on the energy of some multi-skyrmion eld congurations in SU(N) (with radially
symmetric energy density distribution).
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@(P P ) + @(P P )
#
= 0; (8)
where A = e−2ig − 1.





































Notice that N is the expression for the energy of the 2-dimensional CP (N−1) sigma model,
so if P is a holomorphic projector we can write P = ff y=jf j2 where f() is a N component
complex vector and so PP = 0. Moreover N is given by the degree n of the map [5] or,
in other words, the degree of f .
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: (13)
which is the topological charge of the 2-dimensional CP (N−1) sigma model.
In the next section we will show that there exist genuine SU(N) congurations of the
Skyrme model which are of lower energy than the embedded solutions of the SU(2) model
with the same baryon number.
To minimise E, for maps of a given degree n, we will rst minimise I over all maps
of degree n and then derive a second order dierential equation for g by minimising the
energy (9) treating n and I as parameters.
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2 THE SU(N) MODEL
When the projector P is analytic, ie is of the form




where f is a holomorphic vector (ie whose entries are functions only of ) then it satises
the equation
P0 @P0 = 0; @P0 P0 = @P0; (15)
ie the self-dual equations of the 2-dimensional CP (N−1) sigma models [5].
Following [6], we dene the operator P+ by its action on vectors f by
P+f = @f −
f (f y @f)
jf j2
; (16)
and further vectors P k+f are dened by induction: P
k
+f = P (P
k−1
+ f). In fact, the operator
P+ can be considered as being a generator of a transformation which takes us from one
eld conguration to another, without introducing any new parameters.
To proceed further we note the following useful properties of P k+f (where f is an
analytic vector):
(P k+f)





= −P k−1+ f
jP k+f j
2








jP k−1+ f j2
: (18)
These properties either follow directly from the denition of the P+ operator or are very
easy to prove [5].
It is also convenient to dene projectors corresponding to the family of P k+f vectors
as follows:
P0 = P (f); P1 = P (P+f); : : : ; Pi = P (P
i
+f): (19)
Taking P = Pi, for a given i, and using the above properties we observe that all the








where K is a constant. Moreover, for the SU(2) case, the projectors P0 and P1 satisfy
the relation
P0 + P1 = 1; (21)
and for f = (1; ) all the terms in (8) are proportional to one common matrix; thus giving
a second order dierential equation for the prole function g. This means that the Skyrme
eld (6), in this case, is an exact solution of the equation (8). A little thought shows that
this is the well known hedgehog solution.
Unfortunately this discussion does not generalise to higher groups but, for the SU(3)
model, if we take P = P1 and use the fact that P0 + P1 + P2 = 1, all the matrix terms
in equation (8) become proportional to each other leading to a second order dierential






































we see that (6) is an exact solution of the SU(3) model.





; N = 4; I = 4; (25)
and so the total energy is E = 3:861.
















but due to the conditions (17), (18) and (22), we see that the baryon density is identically
zero.
Although the baryon density is identically zero this solution is nontrivial. This follows
from the fact that the CP 2 sigma model harmonic map P1 corresponds to a mixture of
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two solitons and two anti-solitons. Thus this solutions corresponds to a bound state of two
skyrmions and two anti-skyrmions and so we expect it to be unstable, ie to correspond
to a saddle point of the energy. However, let us emphasize, once again, that this eld
conguration is a genuine solution of the SU(3) Skyrme model.
It is easy to see that this new eld conguration has an energy density distribution
shaped like a shell (ie is radially symmetric). To see this note that for this solution,





which appear in (11) and (12), are proportional to (1 +
jj2)−2 and (1+jj2)−4, respectively, thus demonstrating this symmetry. The radial energy
density of this solution is given in Figure 1 and one sees that it corresponds to a hollow
ball.
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Figure 1: Non-topological Energy prole.
What about further genuine solutions? In general, our method does not give us further
solutions but it is a matter of simple algebra to show that the condition (20) is true for
any N  2 when the modulus of the vector f is some power of (1 + jj2). In fact, we have
N = 2; f = (1; )t; (27)
N = 3; f = (1;
p
2; 2)t; (28)





N = r; f = (f0; f1; : : : ; fr−1)




where Cn−1i+1 denotes the binomial coecients. Note that in this case, the constant K in
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(20) is equal to the degree of the vector f : ie K = n.
Using the condition (20) the integrals involving P in the energy (9) can be evaluated
analytically. We nd:
N = n; I = (N − 1)2 = n2: (31)
Using the analyticity of the projector P0, it is straightforward to verify that the baryon
number of this eld is B = n, ie is the degree of f .





















where AN is given by (10). Solving (32) to determine g and then calculating the energy of
the conguration we nd that the energy for these congurations is lower than the energy
of the SU(2) embedded solutions with the same baryon number B. In the following table
we give energies of our congurations computed up to N = 7. The third column in the
table gives the energy of the conguration, the fourth column - the energy per skyrmion
and the last column - the energy per skyrmion for the known embedded SU(2) solutions
(taken from [3]). Notice that even the SU(3) deuterium nucleus has an energy lower than
the SU(2) one.
N n Energy Energy/Sk SU(2) Energy/Sk
3 2 2.2792 1.1396 1.171
4 3 3.3182 1.1060 1.143
5 4 4.3555 1.0889 1.116
6 5 5.3921 1.0784 1.116
7 6 6.4284 1.0714 1.109
Our congurations, like the exact solution of the SU(3) model mentioned above, all
have spherically symmetric energy density distributions (ie are represented by shell like
structures). In Figure 2 we present the curves of the energy density, as a function of the
radius, for the eld congurations mentioned in the table above. We note that as the topo-
logical charge increases (and the group increases) the eective radius of the distribution
also increases.
As our congurations are not exact solutions, we conclude that there must be exact
solutions with an energy lower than the ones we have obtained. In the SU(2) case [3] the
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Figure 2: Energy prole for the low energy SU(N) congurations.
dierence of energy per skyrmion between the exact solution and the harmonic approxi-
mation of Houghton et al. ansatz is of the order of 1 or 2 %. We expect it to be of the
same order here.
3 CONCLUSIONS
In this paper we have presented eld congurations of the SU(N) Skyrme model which
are of lower energy than the corresponding embeddings of the SU(2) model. The energy
densities of these congurations are all radially symmetric.
We have also presented an exact solution of the SU(3) model. The baryon number
of this solution is zero and its energy density is radially symmetric. The total energy of
this solution is less than four in topological units and we have argued that this solution
represents a bound state of two skyrmions and two anti-skyrmions.
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